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REAL BOTT MANIFOLDS AND ACYCLIC DIGRAPHS
SUYOUNG CHOI AND SANG-IL OUM
Abstract. Masuda (2008) provided the characterization of real Bott mani-
folds in terms of three operations on upper triangular matrices. We provide
a combinatorial characterization of real Bott manifolds up to diffeomorphism
in terms of operations on directed acyclic graphs. Our observation leads to
several new invariants of real Bott manifolds.
1. Introduction
A small cover, defined by Davis and Januszkiewicz [DJ91], is an n-dimensional
closed smooth manifoldM with a smooth action of real torus (S0)n(=: T ) satisfying
the following two conditions:
• the action is locally isomorphic to a standard action of T on Rn, and
• the orbit space M/T can be identified with a simple (combinatorial) poly-
tope P .
A cube is a polytope combinatorially equivalent to the cartesian product of finitely
many intervals. We will restrict our attention to the case where P is a cube. In
this case, a small cover is said to be over a cube.
Small covers over cubes are known as real Bott manifolds, see [CMS10] or Sec-
tion 3. They are obtained as iterated RP 1 bundles starting with a point, where
each stage is the projectivization of a Whitney sum of two real line bundles. The
topological classification of real Bott manifolds is known by Kamishima and Ma-
suda [KM09], and Masuda [Mas08]; two real Bott manifolds are diffeomorphic if
and only if their cohomology rings with Z2 coefficients are isomorphic as graded
rings. Choi [Cho08b] showed that small covers over cubes are strongly related to
acyclic digraphs.
We introduce two operations on acyclic digraphs and show that all diffeomor-
phism types of real Bott manifolds can be described by the composition of these two
operations. This combinatorial observation allows us to invent several invariants of
real Bott manifolds.
Our combinatorial interpretation allows more efficient enumeration of all n-
dimensional real Bott manifolds up to diffeomorphism. We list the number Bn
of n-dimensional real Bott manifolds in Table 1 for n ≤ 8. Previously, Bn were
computed only for n ≤ 5 in [Mas08] and [Naz08], but it was a hard task even for
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n 1 2 3 4 5 6 7 8
Bn 1 2 4 12 54 472 8,512 328,416
En 1 1 2 3 8 29 222 3,607
Sn 1 2 6 31
Table 1. The numbers Bn, En, Sn of n-dimensional real Bott
manifolds, orientable real Bott manifolds and symplectic real Bott
manifolds up to diffeomorphism, respectively.
n = 5 when using topological or linear algebraic methods. The classification for
8-dimensional real Bott manifolds takes less than 10 minutes on a regular desktop
computer, when using the list of non-isomorphic acyclic digraphs provided by B.
D. McKay.1 In addition, we also list the numbers En and Sn of n-dimensional
orientable real Bott manifolds and symplectic real Bott manifolds in Table 1 for
n ≤ 8, respectively.
The rest of this paper is organized as follows. In Sections 2 and 3, we briefly
review some notions in acyclic digraphs and small covers respectively. In Section 4,
we classify the acyclic digraph up to Bott equivalence, which implies the diffeo-
morphism class of real Bott manifolds. Finally, in Section 5, we introduce several
invariants of acyclic digraphs up to Bott equivalence.
2. Acyclic digraphs
2.1. Preliminaries on acyclic digraphs. We briefly review the terminologies in
graph theory. A directed graph, or simply a digraph D is a pair (V,E) consisting of
a finite set V of vertices and a set E of ordered pairs e = (u, v) of distinct vertices
of D, called arcs. We write V (D) to denote the set of all vertices of D. An ordering
v1, v2, . . . , vn of vertices of a digraph D is an acyclic ordering if i < j for each arc
(vi, vj) in D. A digraph is acyclic if it admits an acyclic ordering.
A vertex u is adjacent to a vertex v in D if (u, v) is an arc of D. If (u, v) is an
arc of D, then v is called an out-neighbor of u and u is called an in-neighbor of v.
We write N+D(v), N
−
D (v) to denote the set of all out-neighbors and in-neighbors of
v, respectively, in D. The in-degree of a vertex v in D, denoted by deg−D(v), is the
number of in-neighbors of v. Similarly the out-degree of a vertex v in D, denoted
by deg+D(v), is the number of out-neighbors of v.
For two digraphs D = (V,E) and D′ = (V ′, E′), a bijection f : V → V ′ is called
an isomorphism when (u, v) ∈ E if and only if (f(u), f(v)) ∈ E′. Two digraphs are
isomorphic if there is an isomorphism.
For a digraph D = (V,E) with a fixed ordering {v1, v2, . . . , vn} of V , the adja-
cency matrix of D is an n× n matrix AD = (aij)i,j∈{1,2,...,n} such that
aij =
{
1 if (vi, vj) ∈ E,
0 otherwise.
Let Gn be the set of all acyclic digraphs on the vertex set {1, 2, . . . , n} and let
An be the set of all adjacency matrices of acyclic digraphs in Gn.
1http://cs.anu.edu.au/~bdm/data/digraphs.html
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Figure 1. Two operations: a local complementation and a slide
2.2. Bott equivalence of acyclic digraphs. An acyclic digraph H is Bott equiv-
alent to an acyclic digraph D if H has an isomorphic digraph that is obtained from
D by successively applying local complementations and slides. In the following, we
define local complementations and slides.
For a vertex v of a digraph D, let D ∗ v be a digraph obtained by adding
an arc (u,w) if (u,w) /∈ E, or removing the arc (u,w) otherwise, for each pair
(u,w) ∈ N−D (v) × N
+
D (v) with u 6= w. This operation to obtain D ∗ v from D is
called a local complementation at v. This operation is not new; As far as the authors
find, Bouchet [Bou87] wrote one of the earliest papers on local complementations
on digraphs.
For two sets X and Y , we write X∆Y = (X \ Y ) ∪ (Y \X). For two distinct
vertices v, w having the same set of in-neighbors in a digraph D, we define D∆vw
to be a digraph obtained by replacing N+D (w) by N
+
D (w)∆N
+
D (v). This operation
to obtain D∆vw from D is called a slide. See Figure 1.
It is easy to observe that if D is an acyclic digraph, then so are D ∗ v and D∆xy
(assuming N−D (x) = N
−
D (y)). Furthermore D ∗ v ∗ v = D and D∆xy∆xy = D.
3. Small covers over cubes
3.1. Small covers over cubes. Let P be a simple polytope of dimension n and
let F(P ) = {F1, . . . , Fm} be the set of facets, codimension one faces, of P . It is
known by [DJ91] that all small covers over P can be classified by certain maps λ :
F(P )→ Zn2 satisfying the so-called non-singularity condition; {λ(Fi1), . . . , λ(Fin )}
is a basis of Zn2 whenever the intersection Fi1 ∩ · · · ∩Fin is non-empty. We call λ a
characteristic function.
The construction of the small cover with respect to λ is simple. Let S0(Fi)
be the subgroup of T (= (S0)n) generated by λ(Fi). Given a point p ∈ P , we
denote by G(p) the minimal face containing p in its relative interior. Assume
G(p) = Fj1 ∩ · · · ∩ Fjk . Then S
0(G(p)) = ⊕ki=1S
0(Fji ). Note that S
0(G(p)) is a
k-dimensional subgroup of T . Let M(λ) denote
(1) M(λ) = P × T/ ∼,
where (p, g) ∼ (q, h) if p = q and g−1h ∈ S0(G(p)). The canonical free action of
T on P × T descends to an action on M(λ). It is easy to show that the action
is locally standard and the orbit space can be identified with P . Thus M(λ) is a
small cover over P .
Two small covers M and N over P are Davis-Januskiewicz equivalent (or sim-
ply, D-J equivalent) if there is a weak T-equivariant homeomorphism f : M → N
covering the identity on P . By [DJ91], M(λ1) is D-J equivalent to M(λ2) if and
only if there is an automorphism σ ∈ Aut(Zn2 ) such that λ1 = σ ◦ λ2.
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When P is an n-dimensional cube, P has 2n facets, and for each facet F of P
there exists a unique facet which does not intersect with F . So we give an ordering
of the facets such that the facets Fj and Fn+j do not intersect for 1 ≤ j ≤ n. Then
we may assign an n× 2n matrix to a characteristic function λ by choosing a basis
for (Z2)
n. Then
(λ(F1) · · ·λ(F2n)) = (A|B),
where A and B are n×n matrices. Since
⋂n
j=1 Fj 6= ∅, we also may assume that A
is the identity matrix of size n. Then we can see that the non-singularity condition
of λ is equivalent to the following; every principal minor of B is 1.
Hence, there is a bijection between the DJ-equivalence classes of small covers
over cubes and the setM(n) of n×n matrices over Z2 all of whose principal minors
are 1.
Theorem 3.1 (Choi [Cho08b, Theorem 2.2]). Let φ : An →M(n) by A 7→ In+At,
where In is the identity matrix of size n and A
t is the transpose matrix of A. Then
φ is a bijection.
Let D ∈ Gn and let AD be its adjacency matrix. By the above theorem,
(In|φ(AD)) is the characteristic function. For the sake of simplicity, we denote
the corresponding small cover by M(AD).
Let D,H ∈ Gn. We note that the ordering of vertices of an acyclic digraph is
nothing but the ordering of facets of P , and the diffeomorphism type of the small
cover is independent on the ordering of facets by the construction (1). Hence, if D
and H are isomorphic, then M(AD) and M(AH) are diffeomorphic (but not D-J
equivalent).
3.2. Real Bott manifolds. To define a real Bott manifold, we consider with a
sequence of RP 1 bundles
(2) Mn
πn−→Mn−1
πn−1
−→ · · ·
π2−→M1
π1−→M0 = {a point},
where each fiber bundle pij : Mj → Mj−1 for j = 1, . . . , n is the projectivization
of a Whitney sum of a real line bundle and the trivial real line bundle over Mj−1.
We call a sequence (2) a real Bott tower and Mn a real Bott manifold. It is well-
known that real line bundles are classified by their first Stiefel-Whitney classes and
H1(Mj−1;Z2) is isomorphic to (Z2)
j−1. Hence, each Mj is determined by a vector
Aj in (Z2)
j−1. One can organize this vector into an n× n upper-triangular square
matrix A with zero diagonals by putting Aj as the upper part of the j-th column
vector.
Proposition 3.2 (Panov and Masuda [MP08, Proposition 3.1]). Let A be an upper-
triangular square matrix with zero diagonals. A real Bott tower with respect to A
carries a natural real torus action turning it into a small cover M(A)2.
If D is an acyclic digraph, then its adjacency matrix AD with respect to its
acyclic ordering is an upper-triangular square matrix with zero diagonals. Hence,
all small covers over a cube are diffeomorphic to real Bott manifolds.
2The original statement of [MP08, Proposition 3.1] is written in terms of complex versions of
a Bott tower and a small cover called a quasitoric manifold. But the same argument can be easily
applied to the real cases.
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4. Classification of real Bott manifolds
For a matrix A, we write Aj to denote the j-th column of A and write A
i
j to
denote its (i, j)-th entry of A. Masuda [Mas08] defined three operations ΦS , Φ
k
and ΦIC on An as follows: (Notice that these matrices are over Z2 and therefore
1 + 1 = 0.)
(1) ΦS(A) = SAS
−1, where S is a permutation matrix
(2) For k ∈ {1, . . . , n},
Φk(A)j = Aj +A
k
jAk for j = 1, . . . , n.
(3) Let I = {i1, i2, . . . , iℓ} be a subset of {1, . . . , n} such that Ai = Aj for
i, j ∈ I and i1 < i2 < · · · < iℓ. Let C be an invertible |I| × |I| matrix over
Z2. Then,
ΦIC(A)
i
j =
{∑|I|
k=1 C
m
k A
ik
j if i = im ∈ I,
Aij if i 6∈ I.
Roughly speaking, ΦIC is the left matrix multiplication of C to the subma-
trix of A which consists of i-th rows for i ∈ I.
Remark 4.1. Indeed, Masuda [Mas08] described all three operations on square
upper-triangular matrices over Z2. But since every small cover over a cube is
diffeomorphic to a real Bott manifold, these three operations can be extended to
An. Moreover, this is more natural because the upper-triangular matrices are not
closed under ΦS .
We say that two matrices in An are Bott equivalent if one is transformed to the
other through a sequence of the three operations. Masuda [Mas08] proved that
Bott equivalence on An characterizes real Bott manifolds up to diffeomorphisms.
Theorem 4.2 (Masuda [Mas08, Theorem 1.1]). Two matrices A,B ∈ An are Bott
equivalent if and only if corresponding real Bott manifolds M(A) and M(B) are
diffeomorphic.
We now prove our main observation, stating that two acyclic digraphs D and H
are Bott equivalent (in the sense of the definition in Section 2) if and only if AD
and AH are Bott equivalent.
Lemma 4.3. Two acyclic digraphs are Bott equivalent if and only if their adjacency
matrices are Bott equivalent.
Proof. Let D = (V,E) be an acyclic digraph with a certain ordering v1, v2, . . . , vn
of the vertices. Obviously AD∗vk = Φ
k(AD) and if i < j, then AD∆vivj = Φ
I
C(AD)
with C = ( 1 01 1 ). If i > j, then AD∆vivj = Φ
I
C(AD) with C = (
1 1
0 1 ). Therefore Bott
equivalent acyclic digraphs have Bott equivalent adjacency matrices.
Now, let us prove the converse. We want to show that each of three operations
ΦS , Φ
k,ΦIC on the adjacency matrix AD of D gives an adjacency matrix of another
acyclic digraph Bott equivalent to D. Firstly, ΦS will simply give an isomorphic
digraph, which is again Bott equivalent to D. Secondly, Φk(AD) = AD∗vk and
therefore Φk corresponds to a local complementation at vk.
Last, we claim that ΦIC can be expressed as a sequence of slides. Suppose that
this claim is false. Since C is invertible, there is a sequence of elementary row
operations σ1, σ2, . . . , σt so that C = σ1 ◦ σ2 ◦ · · · ◦ σt(I). Since C is a matrix over
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Z2, each σi is either an operation to interchange two rows of C or an operation to
add a row to another row in C. Let C′ = σ2 ◦ · · · ◦ σt(I). Then C′ is invertible and
C = σ1(C
′). We assume that C is chosen as a counterexample with minimum t.
Thus, ΦIC′(AD) = AD′ for some acyclic digraph D
′ Bott equivalent to D. If σ1 is
an operation to interchange two rows, then ΦIC′(AD′) is an adjacency matrix after
swapping two corresponding vertices in the fixed order, because these two vertices
have the same set of in-neighbors and therefore clearly ΦIC′(AD′) is an adjacency
matrix of a digraph isomorphic to D′.
If σ1 is an operation to add a row to another, then we can simulate σ1 by a slide
on D′ and therefore ΦIC(AD) = AD′∆uv for two vertices u, v ∈ I. This proves the
claim because D′∆uv is Bott equivalent to D. 
Now we are ready to see the following theorem, implied by Theorem 4.2 and
Lemma 4.3.
Theorem 4.4. Two acyclic digraphs D and H are Bott equivalent if and only if
the small covers over cubes M(AD) and M(AH) are diffeomorphic.
5. Invariants of real Bott manifolds
In this section, we introduce topological invariants of small covers over cubes.
To do so, we focus on finding parameters on acyclic digraphs that are invariant
under taking local complementations and slides.
A vertex in an acyclic digraph is called a root if it has no in-neighbor. Let Lk(D)
be the set of vertices v such that a longest directed path ending at v has exactly
k edges. Each Lk(D) is called the k-th level of D. Clearly L0(D) is the set of
roots. For an acyclic digraph D with n vertices, a level sequence of D is a sequence
(|L0(D)|, |L1(D)|, |L2(D)|, . . . , |Ln−1(D)|). It is obvious that ∪
n−1
i=0 Li(D) = V (D).
Note that for each vertex v ∈ Li(D), all in-neighbors of v are in ∪
i−1
j=0Lj(D) and all
out-neighbors of v are in ∪n−1j=i+1Lj(D).
Proposition 5.1. Bott equivalent acyclic digraphs have the identical level sequence.
Proof. Let D be an acyclic digraph. It is enough to show that both local comple-
mentations and slides do not change Li(D). Let v be a vertex in Li(D). Then there
is a longest directed path Pv in D ending at v with exactly i edges.
Let us first show that v ∈ Li(D ∗ w) for a vertex w in D. It is enough to show
that Pv is a path in D ∗ w as well, because, if so, then a longest path in D ∗ w
ending at v will be a path in D ∗w ∗w = D as well. Suppose that Pv is not a path
in D ∗w. Then w must remove at least one arc (x, y) of Pv and therefore (x,w) and
(w, y) are arcs of D. Since D is acyclic, w is not on Pv. Then by replacing the arc
(x, y) by a path xwy in Pv, we can find a path longer than Pv in D, contradictory
to the assumption that Pv is a longest path ending at v. This proves the claim that
Li(D) = Li(D ∗ w) for all i.
Now let us prove that v ∈ Li(D∆uw) for two vertices u,w having the set of
in-neighbors. Again, it is enough to show that D∆uw has a path of length i ending
at v; because if D∆uw has a longer path ending at v, then so does D by the fact
that (D∆uw)∆uw = D. We may assume that D∆uw removes at least one arc
(x, y) of Pv. Then w = x and both (w, y) and (u, y) are arcs of D. Since u and w
have the same set of in-neighbors, we can replace w by u in Pv to obtain a path of
the same length in D∆uw. This completes the proof. 
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The rank of a digraph D is the rank of the adjacency matrix AD over Z2.
Proposition 5.2. Bott equivalent acyclic digraphs have the same rank.
Proof. Let D be an acyclic digraph. For a vertex v, we can obtain AD∗v from AD
by adding the row of v to rows of in-neighbors of v. Note that since D is acyclic,
no in-neighbor of v is an out-neighbor of v. Therefore rank(AD∗v) = rank(AD).
Similarly let u,w be two distinct vertices of D having the same set of in-
neighbors. Clearly D and D∆uw have the same rank because AD∆uw is obtained
by adding the row of u to the row of w in AD and therefore rank(AD∆uw) =
rank(AD). 
For subsets X and Y of the vertex set of a digraph D, we write AD[X,Y ] to
denote the submatrix of AD whose rows correspond to X and columns correspond
to Y . We write ρD(X,Y ) = rank(AD[X,Y ]) where AD[X,Y ] is considered as a
matrix over Z2. We write ρD(X) = ρD(X,V (D) \X).
Proposition 5.3. Let D, H be Bott equivalent acyclic digraphs on n vertices.
Then,
(i) ρD(∪i∈ILi(D)) = ρH(∪i∈ILi(H)) for every subset I of {0, 1, 2, . . . , n− 1},
(ii) ρD(Li(D), Li+1(D)) = ρH(Li(H), Li+1(H)) for all i ∈ {0, 1, 2, . . . , n− 2}.
Proof. It is enough to prove when H = D ∗ v or H = D∆uw. By Proposition 5.1,
Li(D) = Li(H) for each i.
(i) For a subset I = {0, 1, 2, . . . , n− 1}, let X = ∪i∈ILi(D) and Y = V (D) \X .
Let M = AD[X,Y ] and M
′ = AH [X,Y ]. Then ρD(X) = rankM and ρH(X) =
rankM ′.
Let us first consider the case when H = D ∗ v for a vertex v of D. Then either
v ∈ X or v ∈ Y . If v ∈ X , then M has a row indexed by v and M ′ is obtained
from M by adding the row of v to all rows indexed by in-neighbors of v in X . If
v ∈ Y , then M has a column indexed by v and M ′ is obtained from M by adding
the column of v to all columns indexed by out-neighbors of v in Y . Thus, in both
cases, rankM = rankM ′.
Now let us consider the case when H = D∆uw for two vertices u, w having
the same set of in-neighbors. Since u and w have the same set of in-neighbors,
they belong to the same level. Therefore either {u,w} ⊆ X or {u,w} ⊆ Y . If
{u,w} ⊆ Y , then M ′ =M . If {u,w} ⊆ X , then M ′ is obtained from M by adding
the row of u to the row of w. So rankM = rankM ′. This completes the proof of
(i).
(ii) Since D is acyclic, there is no arc from La(D) to Lb(D) if a > b. Therefore
ρD(Li(D), Li+1(D)) = ρD(Li(D) ∪ Li+2(D) ∪ Li+3(D) ∪ · · · ∪ Ln−1(D)),
and by (i), we have ρD(Li(D), Li+1(D)) = ρH(Li(H), Li+1(H)). 
For two vertices x and y of D, we say that x ∼D y if x and y have the same set
of in-neighbors. Then ∼D is an equivalence relation of V (D) and each equivalence
class is called a sibling group of D. A sibling group of D corresponds to a maximal
set of identical columns in AD. Clearly each level Li(D) is partitioned into sibling
groups.
Proposition 5.4. If D and H are Bott equivalent acyclic digraphs, then Li(D)
and Li(H) have the same number of sibling groups having exactly k vertices for
each pair of i and k.
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Proof. We may assume that either H = D ∗ v for a vertex v or H = D∆uw for two
vertices u, w having the same set of in-neighbors.
We claim that ∼D and ∼H are identical equivalence relations. To do so, we will
prove that if x and y have the same set of in-neighbors in D, then they have the
same set of in-neighbors in H .
Firstly let us consider the case when H = D ∗ v for a vertex v. We may assume
that (v, x) or (v, y) is an arc of D, because otherwise the set of in-neighbors of x
or y will not be changed by applying a local complementation at v. Since x and y
have the same set of in-neighbors, both (v, x) and (v, y) are arcs of D. Then x and
y still have the same set of in-neighbors in D ∗ v.
Secondly let us assume that H = D∆uw. Similarly we may assume that both
(u, x) and (u, y) are arcs of D. Since x and y have the same set of in-neighbors,
(w, x) is an arc of D if and only if (w, y) is an arc of D. After a slide, (w, x) is an
arc of H if and only if (w, x) is not an arc of D and similarly (w, y) is an arc of H
if and only if (w, y) is not an arc of D. This proves the claim. 
The odd height of an acyclic digraph D is the length of a longest directed path
ending at a vertex of odd out-degree. In other words, it is the maximum k such
that Lk contains a vertex of odd out-degree. If D has no vertex of odd out-degree,
then we assume that its odd height is ∞.
Proposition 5.5. Bott equivalent acyclic digraphs have the same odd height.
Proof. Let D be an acyclic digraph. Let v be a vertex of D. Let x, y be two distinct
vertices having the same set of in-neighbors. Then
deg+D∗v(w) ≡
{
deg+D(w) + deg
+
D(v) (mod 2) if w is an in-neighbor of v,
deg+D(w) (mod 2) otherwise.
deg+D∆xy(w) ≡
{
deg+D(w) + deg
+
D(x) (mod 2) if w = y,
deg+D(w) (mod 2) otherwise.
If every vertex of D has even out-degree, then clearly a local complementation and
a slide do not create a vertex of odd out-degree. So we may assume that D has a
vertex of odd out-degree. Let k be the odd height of D. Let w be a vertex of odd
out-degree in Lk(D).
Let us first consider D ∗ v for a vertex v ∈ Li(D). If w is an in-neighbor of v in
D, then the out-degree of w in D ∗ v is odd because i > k and deg+D(v) is even. If
w is not an in-neighbor of v in D, then the out-degree of w in D ∗ v is again odd.
This proves that the odd height of D ∗ v is at least the odd height of D. Since
(D ∗ v) ∗ v = D, we conclude that D and D ∗ v have the same odd height.
Now we claim that Lk(D∆xy) has a vertex of odd out-degree in D∆xy. Suppose
that the out-degree of w in D∆xy is even. Then w = y, x ∈ Lk(D), and the out-
degree of x in D is odd. Since (D∆xy)∆xy = D, we conclude that D and D∆xy
have the same odd height. 
We observe that the above invariants have topological motivations. For an acyclic
digraph D, let M(AD) be the small cover corresponding to D. Choi [Cho08a]
showed that M(AD) is orientable if and only if the out-degree of every vertex of D
is even; in other words, the odd height of D is∞. Hence, the odd height can be seen
as a generalization of the orientability of real Bott manifolds. In addition, Ishida
[Ish10] proved that M(AD) is symplectic if and only if V (D) can be partitioned
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Figure 2. Theses acyclic digraphs are not Bott equivalent but
have the identical set of invariants discussed in this paper
into pairs of vertices so that two vertices in a pair have the same set of in-neighbors.
Equivalently, the cardinality of each sibling group is even. Hence the number of
sibling groups with a fixed size is also a generalization of the symplecticness of real
Bott manifolds. It is easy to see that if the cardinality of each sibling group is even,
then its odd height must be ∞. It is obvious with topological viewpoint as well,
because every symplectic manifold is orientable. We computed a few values of the
numbers of n-dimensional orientable real Bott manifolds and symplectic manifolds
up to diffeomorphism in Table 1.
We remark that the invariants discussed in this paper completely classify all Bott
equivalence classes up to 4 vertices but not on 5 vertices. One can easily check that
two acyclic digraphs in Figure 2 are not Bott equivalent but have the same set of
invariants.
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